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Abstract 

Two constructions are given that describe respectively all shortest primary de- 
compositions and all shortest uniform decompositions for left Noetherian rings. They 
show that these decompositions are, in general, highly non-unique. 
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1 Introduction 

In this paper, module means a left module and all rings have 1. 

Lasker-Noether's theory of the primary decomposition of a submodule of a finitely 
generated module over a commutative Noetherian ring was generalized for modules over a 
not necessarily commutative left Noetherian ring by L. Lesieur and R. Croisot [3] and later 
by O. Goldman pj. The relations between Goldman's primary decomposition theory and 
the tertiary decomposition theory of Lesieur and Croisot were clarified by G. Michler [5]. 
The former is a 'finer' decomposition theory than the later, it deals with modules rather 
than with two-sided ideals. G. Michler showed that each finitely generated Goldman- 
primary i?-module is tertiary but not vice versa, in general, and that each finitely generated 
tertiary i?-module is Goldman-primary iff non-isomorphic indecomposable injective it- 
modules have different associated ideals. 

In Section 2, we recall briefly main results on primary decompositions in commutative 
situation. In Section 3, we collect some results on the left spectrum of a ring and left 
primes. In Section 4, it is proved that each submodule of uniformly finite module admits 
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a primary decomposition (Theorem |4.4p . Note that every finitely generated module over 
a left Noetherian ring is uniformly finite. 

In Section 5, Theorem 15.31 and Corollary 15.41 describe respectively all the shortest pri- 
mary decompositions and all the maximal shortest primary decompositions of submodules 
of uniformly finite modules. They explain why primary decompositions are not unique (in 
general, they are highly non-unique). 

In Section 6, (maximal shortest) uniform decompositions are introduced. Theorem 16.41 
and Corollary 16.61 describe respectively all the shortest uniform decompositions and all the 
maximal shortest uniform decompositions of submodules of uniformly finite modules. It is 
proved that shortest uniform decomposition is irredundant primary decomposition (Corol- 
lary [6^2]), and that each primary decomposition can be refined to a uniform decomposition 
(Lemma 16. 7p . 

2 Primary decompositions for commutative Noethe- 
rian rings 

In this section, C is a commutative Noetherian ring and M is a finitely generated 
C-module. 

A prime ideal P of C is called an associated prime to M if P is the annihilator of 
an element of M. The set of all primes associated to M is written Assc(M). Assc(M) 
is a finite nonempty set of primes each containing the annihilator annc(M) of the module 
M . The set Assc(M) includes all the primes minimal among primes containing annc(M). 
The union of the associated primes of M consists of and the set of zerodivisors of M. 
(PQ, Theorem 3.1). 

A submodule N of M is primary if Assc(M/iV) consists of just one prime, say P, 
then N is called P-primary. The intersection of P-primary submodules is P-primary. 
Primary decomposition consists of writing an arbitrary submodule N of M as a finite 
intersection of primary submodules. 

The main properties of primary decomposition are given by the next theorem (see pQ 
for details). 

Theorem 2.1 Let C be a commutative Noetherian ring and let M be a finitely generated 
C-module. 

1. Any submodule N of M with N ^ M is a finite intersection of primary submodules, 
say N = fl™ =1 iVj with N{ a Pi-primary submodule of M. 

2. Every associated prime of M/N occurs among the Pj. 

3. If the intersection is irredundant (i.e. no iVj can be dropped) then the Pi are 
precisely the associated primes of M/N. 

4- If the intersection is shortest (i.e. there is no such intersection with fewer terms) 
then each associated prime of M/N is equal to Pi for exactly one index i. 
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3 The left spectrum of ring and associated left primes 



In this section, the left prime spectrum of a ring and an analogue of associates primes, 
so-called associated left primes (for modules over noncommutative rings) are considered. 

Essential submodules. A submodule N of a module M is essential if N R L ^ for 
all nonzero submodules L of M, and we write N C e M. The following (obvious) properties 
of essential submodules are freely used in proofs ([1], 2.2.2): 

1. If iV C e M and M C e L then N C e L. 

2. If N C e M and L C e M then N f] L C e M. 

3. If N t C e Mi, i G /. then © i6l JV< C e ©^M*. 

4. If iV is a submodule of M then there exists a submodule N' of M such that NC\N' = 
and JV © JV' C e M. 

Uniform modules and the uniform dimension. A module U is uniform if U ^ 

and each nonzero submodule of U is an essential submodule. So, a nonzero module is 
uniform iff it does not contain a direct sum of nonzero submodules. A module M is said 
to have finite uniform dimension (u.dim(M) < oo) if it contains no infinite direct sum 
of nonzero submodules. If M ^ has finite uniform dimension then 

(i) M contains an essential submodule which is a finite direct sum, say U\ © • • • © U n , 
of uniform submodules Ui Q4J, 2.2.8). 

(ii) any direct sum of nonzero submodules of M has at most n summands, and 

(in) a direct sum of uniform submodules of M is essential in M iff it has precisely n 
summands (J^j, 2.2.9). 

The nonnegative integer n is called the uniform dimension (or Goldie dimension) 
of M and is written u.dim(M). 

The essential equivalence ~ e . We say that modules Mi and M 2 are essentially 
equivalent and write M\ ~ e M2 if there exist essential submodules L\ C e M\ and L2 C e 
M2 with L\ ~ L2. It is obvious that this is an equivalence relation. We denote by [M] the 
equivalence class of the module M under ~ e . 

Definition. The set of equivalence classes of all the uniform left i?-modules is called 
the left spectrum l.spec(-R) of the ring R. Elements of the left spectrum are called left 
primes. Similarly, the right spectrum r.spec(-R) is defined. 

Let R be the set of isomorphism classes of simple left -R-modules. Clearly, two simple 
.R-modules are isomorphic iff they are essentially equivalent, hence R C l.spec(-R). 

Lemma 3.1 If C is a commutative Noetherian ring then l.spec(-R) = r.spec(-R) = {[C/P] \ 
P E Spec(C)} ; and the map l.spec(-R) — > Spec(-R), [C/P] 1— > P, is a bijection with the 
inverse [C/P]. 

Proof. This is evident. □ 
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So, the left spectrum is a natural generalization of the spectrum in the commutative 
situation. 

For a left Noetherian ring R, let 1{R) be the set of isomorphism classes of indecompos- 
able injective i?-modules. The map 

l.spec( J R) -> 1(R), [U] i-> [E(U)\, 

is a bijection with the inverse [E] \— > [£] where £'(6 r ) is the injective hull of the -R-module 
U. 

Example. Let A x = (x, d \ dx — xd = 1) be the (first) Weyl algebra over a field K of 
characteristic zero. Note that the Weyl algebra A\ is a simple Noetherian domain which 
contains no simple submodules, and any proper factor module of the left Ax-module A\ has 
finite length. So, if U is a uniform Ai-module then either U contains a simple submodule, 
say M (in this case, [U] = [M]) or otherwise U contains a copy of (in this case, 

[U] = [Ax]). It follows that 

l.spec(^i) = A ± U {[Ai]}. 

Theorem 3.2 Let M 7^ be a module of finite uniform dimensionn, ©™ =1 C/j and ©f =1 V^ &e 
direct sums of uniform submodules of M . Then, up to order of the Ui, [U±] = [Vi], . . . , [U n ] = 

[Vn\. 

Proof. Note that any direct sum of n uniform submodules of M is an essential sub- 
module of M. In particular, the submodules U := ©™ =1 t/j and V := ©™ =1 V are essential 
in M. We prove the following (more strong) statement: up to order of the Ui, there ex- 
ist nonzero submodules V[ C V±, . . . , V„ C V n such that [V{] = [Ui], . . . , [V^] = [U n ], and 
for each i = 1, . . . , n, V{ © • • • © V( © C/ i+ i ©•••©?/„ C M. Clearly, the intersection 
V{ :— V\ n U 7^ since V\ ^ and [/ is an essential submodule of M. For each % — 1, . . . , n, 
let -Kj be the kernel of the canonical projection of V{ into Ui. Since V[ is a submodule of 
U, the intersection K\C\ ■ ■ -nK n must be zero, then one of the Ki must be zero (otherwise, 
K\ n • • • n fT n 7^ as V/ is a uniform module, a contradiction). Up to order of the Uj, we 
may assume that K\ = 0. Then the projection map V{ — > U\ is a monomorphism, hence 
[y/] = [C/i] and 

+ c/ 2 + • • • + u n = V{ © u 2 © • • • © u n . 

This proves the claim for % — 1. 

We use induction on i. Suppose that « > 1 and we have already found required 
V[, . . . , V(_ v We have to find a nonzero submodule V- of Vi such that [V/] = [Ui] and 
V"/ © • • • © V{ © U i+ i © • • • © U n C M (up to order of the C/i, £/ m , . . . , t/ n ). Repeating the 
same argument as above for the submodule V( := fl (V{ © • • • © V[_ x ©?/«©•••© U n ) 7^ 
of V7 © • • • © V7-i © © • • • © C4 one can find j > i such that the projection V- -> C/j 
is a monomorphism (such j exists since V/ can not be a submodule of V/ © • • • © U/_ 1 ). 
Up to re-numeration of the U iy . . . , U n one can assume that j = i, hence [V-] = [Ui] and 

V{ + ■ ■ ■ + V( + U i+1 H \-U n = V{ © • • • © V! © t/j+i © • • • © C/ n , as required. This proves 

the claim and the theorem since [Vi] = [V/], . . . , [V n ] = [V^]. □ 
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Corollary 3.3 Let M be a module of finite uniform dimension n > 1, ©™ =1 £7j be a direct 
sum of uniform submodules of M, L be a uniform submodule of M . Then [L] = [U] for 
some i. 

Proof. Repeat the same argument as in the proof of the Theorem 13.21 in the case i = 1 
but for the nonzero module V := L fl ©™ =1 t/j. □ 

Let M be a nonzero -R-module of finite uniform dimension n, and let ©™ =1 [/j C e M be a 
direct sum of uniform submodules of M. A left prime X G l.spec(-R) is called associated 
to M if there exists a uniform submodule U of M such that [U] = X. Abusing language, 
we say that the uniform module U is associated to M. 

The set of associated left primes of M, 

As R (M) := {[U] G l.spec(-R) | U is a uniform submodule of M} 

contains finitely many elements since As^(M) = {[?/»] \ i = 1, . . .,n} (Theorem 13.21 and 
Corollary 13.31) . Let [Ui], . . . , [C/ s ] be the (distinct) elements of the set As^(M). The mul- 
tiplicity of [Ui\ in M is the number of summands in ©™ =1 f/i that are essentially equivalent 
to U, denoted mult M ([Ui]) or simply mult ([/;). Clearly, [M] = [U™ 1 © • • • © U™°] with 
mj := multAf ([£/;])• 

Let C be a commutative Noetherian ring and M be a nonzero finitely generated C- 
module. By Theorem 13.21 and Corollary 13. 3[ the map 

Ass c (M) -> As c (M), P ^ [C/P], 

is a bijection with inverse [C/] i— > annc(?7). So, AsS(7(M) and Asc(M) are essentially the 
same object. This is not the case if the ring C is noncommutative. 

Lemma 3.4 Let R be a ring. 

1. Let Mi, . . . , M n be R-modules of finite uniform dimension. Then 

As R (M 1 © ■ ■ • © M n ) = As K (M 1 ) U • ■ ■ U As R (M n ). 

2. Let — > Mi — > M — > M 2 — > 6e a short exact sequence of R-modules each of them 
has finite uniform dimension. Then As^(M) C As^(Mi) U As^(M 2 ). 

3. Let Mi, . . . , M n be nonzero submodules of finite uniform dimension of a module M 
such that As R (Mi)nAs R (Mj) = for ali i ^ j. Then MH YM n = Mi©---©M n . 

Proof. 1. For each i, let (Bj^jJJij C e Mj be an essential direct sum of uniform 
submodules Uj of U. Then Asij(Mj) = {[C/jj] \j G Jj}, and (BijUj C e ©jM, implies 
As R (®? = iM i ) = {[U ij ]\l<i<n,j e.J i } = U?l 1 As R (M i ). 

2. If f/ is a uniform submodule of M then either [/ fl Mi ^ (in that case, [U] — [U n 
Mi] G As^(Mi)) or otherwise C/ fl Mi = 0, in that case Z7 can be identified with a uniform 
submodule of M 2 , hence [U] G As fi (M 2 ). Therefore, As fi (M) C Asjj(Mi) U Asij(M 2 ). 
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3. Suppose that n = 2. Then N := Mi fl M 2 = since otherwise, that is, N ^ 0, we 
would have As^AT) ^ since u.dim(iV) < u.dim(Mi) < oo and, by the second statement, 
Asr(N) C Asr(Mi) fl Asj?(M 2 ) = 0, a contradiction. So, the result is true for n = 2. 

Let n > 2. We use induction on n. By induction, the sum A := Mi + • ■ • + M n _i is 
a direct sum. Then, by the first statement, Asr(A) = Ll™^ As#(Mi), and then Asi?(^4) fl 
As R (M n ) = 0. Hence, A + M n = A © M n = M 1 © ■ ■ • © M n . □ 

4 Primary decompositions 

In this section, the notions of primary submodule and of primary decomposition of a 
submodule will be generalized to the case of submodules of uniformly finite modules. The 
main properties of primary decompositions for commutative Noetherian rings, Theorem 
12. 1| still hold in this situation (Theorem 14.41 and Corollary 14.51) . 
Uniformly finite rings and modules. 

Definition. Let R be a ring, an .R-module M is called a uniformly finite .R-module 
if all factor modules of M have finite uniform dimension. Clearly, each Noetherian mod- 
ule is uniformly finite. In particular, all finitely generated modules over an arbitrary left 
Noetherian ring are uniformly finite. 

Given any submodules iV and L of M with iV fl L = 0, there is a submodule C of M 
that contains L and is maximal with respect to the property that iV fl C = (pQ, 2.2.3). 
This is called a complement to iV in M that contains L. Clearly, Af©CC e M. 

Lemma 4.1 Let R be a ring, and Mi, . . . , M n , M be R-modules. 

1. If —>■ Mi — > M — > M2 —>■ is a short exact sequence of R-modules then M is a 
uniformly finite R-module iff Mi and M 2 are uniformly finite R-modules. 

2. ©" =1 Mj is a uniformly finite R-module iff Mi, . . . , M n are uniformly finite R-modules. 

3. If Mi, . . . , M n are submodules of M then Ym=i Mi is a uniformly finite R-module iff 
Mi, . . . , M n are uniformly finite R-modules. 

Proof. 1. It is obvious that if M is uniformly finite then so are Mi and M 2 . 

Suppose that the modules Mi and M 2 are uniformly finite. Then they have finite 
uniform dimension. Without loss of generality we can assume that M 2 = M/Mi. Given a 
submodule iV of M. We have to prove that u.dim(M/A r ) < 00. Consider the short exact 
sequence of R- modules 

-> Mij 'Mi n iV -> M/N -> Mj {Mi + N) ~ (M/Mi)/(M 1 + N/Mi) -> 0. 

The modules Mi/ Mi fl and M/(Mi + AT) are uniformly finite as factor modules of the 
uniformly finite modules Mi and M 2 = M/Mi respectively. So, without loss of generality 
we can assume that = 0, and we have to prove that M has finite uniform dimension. 
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Choose any complement submodule to M\ in M, say C. Then M\ R C = and 
Mx © C C e M. The module C can be identified with its image in M 2 under the module 
epimorphism M -> M 2 = M/Mi since M x H C = 0. Then u.dim(C) < u.dim(M 2 ) < oo, 
hence u.dim(Mi©C) = u.dim(Mi) +u.dim(C) < oo, and so u.dim(M) = u.dim(MiffiC) < 
oo since M\ © C C e M, as required. This proves that M is a uniformly finite module. 

2. This statement follows from the first statement. 

3. If the sum Y17=i Mi is a uniformly finite module then so are the modules Mi, . . . , M n , 
by the first statement. If Mi, . . . , M n are uniformly finite modules then so is their direct 
sum, by statement 2. The sum Y17=i Mj is a uniformly finite module as an epimorphic 
image of the uniformly finite module ©™ =1 Mj. □ 

By Lemma [4.11 if M is a uniformly finite module then so is every subj 'actor of it. 

Definition. A ring R is called a left uniformly finite ring iff rR is a uniformly 
finite module iff all finitely generated P-modules are uniformly finite (by Lemma 14.11 this 
definition makes sense). Every left Noetherian ring is a left uniformly finite ring. 

Corollary 4.2 1. Each epimorphic image of a left uniformly finite ring is a left uni- 
formly finite ring. 

2. A direct product of rings R\ x • • ■ x R n is a left uniformly finite ring iff Ri, . . . , R n 
are left uniformly finite rings. 

Proof. This is a particular case of Lemma 14.11 □ 

The category ufMod(-R) of uniformly finite -R-modules is the full subcategory of the 
category Mod(i?) of -R-modules. The category ufMod(-R) contains all the simple -R-modules 
and is closed under submodules, factor modules, extensions, and finite direct sums. The 
category ufMod(-R) contains all Noetherian .R-modules. 

Primary submodules. 

Definition. A submodule iV of a module M is primary if u.dim(M/iV) < oo and 
As(M/iV) = {X} (i.e. the set As(M/iV) consists of a single element), we say also that iV 
is X-primary. 

For commutative rings, this definition coincides with the classical one modulo the iden- 
tification of prime ideals with their correspondent uniform modules (Lemma 13. ip . For a 
commutative ring, a finite intersection of P-primary submodules is a P-primary submodule. 
The same result is also true for noncommutative rings. 

Lemma 4.3 Suppose that Ni, . . . , N s are X -primary submodules of a module M then so 
is their intersection. 

Proof. Via the module monomorphism 

Mj n| = i Ni -> ® s i=1 M/Ni, m + n s i=1 Ni ^ (m + N u . . . ,m + N s ), 

the module Mj Rf =1 Ni can be viewed as a submodule of the direct sum. Then, 

s 

u.dim(M/ n| = i Ni) < u.dim(©^ =1 M/A" l ) = ^ u.dim(M/iV i ) < oo 

i=l 
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and, by Lemma [3 A\ 

As(M/ n| =1 Ni) C As(©f =1 M/Xj) = Uf =1 As(M/Xj) = {X}, 

so the intersection n| =1 A^ is an X-primary module. □ 

Definition. Let X, X 1; . . . ,N S be submodules of M such that X = fl| =1 Xj. The inter- 
section X = Pl| =1 Xj is called a primary decomposition of X if each X, is Xj-primary 
submodule of M. The left primes X\, . . . , X s are called the associated left primes of 
the primary decomposition X = n| =1 Xj. 

In general, the set {Xi, . . . ,X S } is not an invariant of the submodule X of M (it may 
vary for different primary decompositions), and some of the Xj'th may coincide. If the 
primary decomposition X = nf =1 Xj is irredundant (i.e. no X, can be dropped) then the 
set {X 1; . . . ,X S } coincides with the set As^(M/X) of associated left primes of the module 
M/N and the elements X 1; . . . ,X n are distinct (Theorem I4.4p . and so it is an invariant 
of the submodule X of M. In this case, we say that X%, . . . ,X n are the associated left 
primes of the submodule X of M, i.e. the associated left primes of the submodule X of 
M is the associated left primes of any irredundant primary decomposition of X in M. 

For a finite set S, let \S\ be the number of elements in S. 

Theorem 4.4 Let R be a ring, M be a nonzero uniformly finite R-module. Then each 
submodule N of M with N ^ M is the intersection of primary submodules, say N = 
Xi n • • • n N s , with As R {M/Ni) = {X} (i.e. each submodule N of M such that X ^ M 
admits a primary decomposition) and 

1. As R (M/N) C Uf =1 As R (M/X) = {X 1; . . . ,X S }. 

2. If the intersection is irredundant then As#(M/X) = U| =1 As^(M/Xj). 

3. If the intersection is shortest (i.e. there is no such intersection with fewer terms) 
then each associated left prime of M/N is equal to Xj for exactly one index i. 

4- Let X = L\ fl • • • H L r be a primary decomposition of N in M. Then it is shortest iff 
r = \As R (M/N)\. 

Proof. The fact that each submodule X of M such that X ^ M admits a primary 
decomposition follows from Proposition 15.11 

Passing to the factor module M/N we may assume that X = 0. Since = X = n| =1 Xj, 
we have the -R-module monomorphism 

M -> ©i =1 M/X, m h-> (m + X l5 . . . , m + N s ). 

So, we can identify the module M with its image in the direct sum. By the assumption, 
Xj is a Xj-primary submodule of X, so there is an essential submodule U^i © ■ • ■ © C/j >n . 
of M/Xj where the Ui j are uniform modules with [Ui j] = Xj. Then U := (BijUi j is the 
essential submodule of ffij =1 M/Xj. If V is a uniform submodule of M then ^ V := VDU 
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is a uniform submodule of U, hence [V] = [V] = [Uij] = X{ for some % and j. Therefore, 
As R (M/N) C U| =1 As i? (M/A^ i ) = {X x , . . -,X S }. This proves the first statement. 

Suppose that the intersection = iV = iVi fl ■ ■ • fl iV s is irredundant, that is, N[ : = 
Hj^Nj ^ for each i — 1, . . . , s. Then N- fl Ni = 0, and so, for each i, N[ can be viewed 
as a nonzero submodule of M/N u and so As R (Nl) = As R (M/Ni). Now, U s i=1 As R {M/N t ) = 
Uf =1 {[AT l ']} C Asfl(M). The inverse inclusion holds by the first statement. This proves the 
second statement. 

Suppose that the intersection = iV = N\ fl ■ ■ ■ fl N s is shortest. Then the elements 
Xx, . . . , X s are distinct (otherwise, say Xi = Xj for some i ^ j, and so N' — A^fl Nj were a 
Xj-primary submodule of M (Lemma 14. 3p . = N = N' fl (n^jjA^) were the intersection 
of primary submodules which would contradict to the minimality of s). This proves the 
third statement. 

The forth statement follows from the third. □ 

Definition. A submodule iV C M is irreducible if N is not the intersection of two 
strictly larger submodules. 

Corollary 4.5 Each Noetherian module M and, in particular, every finitely generated 



module over a left Noetherian ring is a uniformly finite module, and so Theorem\4-4\ holds. 



The fact that every submodule N of a Noetherian module M with N ^ M admits a 
primary decomposition can be proved directly using the Noetherian condition in a similar 
fashion as in the commutative case. 

Proof. Every submodule of M which is not equal to M is a finite intersection of irre- 
ducible submodules. Otherwise, since M is Noetherian, one could choose a submodule, say 
L, of M maximal among those submodules that do not share this property. In particular, 
L itself is not irreducible, so it is the intersection of two strictly larger submodules, say 
L\ and L2. By the maximality of L, both modules L\ and L2 are finite intersections of 
irreducible submodules, and it follows that L is too. This contradiction proves the claim 
and shows that iV = Ni fl • • • D N s with iVj irreducible. In order to finish the proof it 
suffices to show that any irreducible submodule L C iV is primary (then it will follow that 
iV = N\ fl • • • n N s is a primary decomposition of N in M). Since L is irreducible, we 
must have u.dim(M/L) = 1 (otherwise, u.dim(M/L) > 1, and we would find two uniform 
submodules, say V\ and V 2 , of M/L with V\ C\V 2 = 0. Let Vi be the pre-image of Vi under 
the epimorphism M — > M/L, mnm + L. Then the submodules V% and V 2 would strictly 
contain the module L and V\ fl V 2 — L, which would contradict the irreducibility of L). 
So, M/L is a uniform module, hence L is a [M/L]-primary submodule of M. □ 

If R is a commutative Noetherian ring we get the classical primary decomposition. 



5 Description of shortest primary decompositions 

In this section, maximal shortest primary decompositions are introduced. Theorem 15.31 
and Corollary 15.41 describe respectively all the shortest primary decompositions and all 
the maximal shortest primary decompositions of submodules of uniformly finite modules. 
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They explain why primary decompositions are not unique (in general, they are highly non- 
unique). In the commutative situation, another reason for non-uniqueness is given in [TJ, 
3.7. 

Maximal shortest primary decompositions. Let R be a ring, M be a nonzero uni- 
formly finite -R-module, A be a submodule of M such that N ^ M, N = N\ fl • • ■ H N s be a 
shortest primary decomposition of iV in M. Then Asr(M/Ni) = {AjJ, . . . , As#(M/A s ) = 
{X s } are distinct sets, and As^(M/A) = {X 1 , . . . ,X S } (Proposition 15. II and Theorem 14.41) . 

Definition. The shortest primary decomposition iV = Ni fl ■ • • fl N s is maximal (with 
respect to inclusion) if given another shortest primary decomposition N = N[C\- ■ -nN' s with 
Asr(M / N[) = Asr(M / Ni) and Ni C N[ for all i = 1, . . . , s then Ai = N{, . . . , N s = N' s . 

We will soon prove that for the submodule A a shortest primary decomposition always 
exits (Proposition 15. ip . and each shortest primary decomposition A = Ai fl • • • fl N s is 
contained in a maximal shortest primary decomposition iV = N[ fl • • • fl N' s (Theorem 15. 3j) 
which means that As jR (M/iV i ) = As R (M/N!) and Ni C N[ for alH = 1, . . . , s. The last 
statement is obvious if the module M is Noetherian. 

Recall that for any sub modules N and L of M with A fl L = 0, there is a submodule 
C of M that contains L and is maximal with respect to the property that N PI C = ([I], 
2.2.3). This is called a complement to iV in M that contains L. Then iV®CC e M. In 
general, the complement C is not unique (a typical example is when the ring is a field 
then there exist many subspaces C of M with the required properties). If N ^ then 
N C e M/C via M — > M/C, m i— > m + C (it is evident due to maximality of C). 

Proposition 5.1 Lei M be a nonzero uniformly finite R-module, N be a submodule of M 
with N ^ M, W u . . . ,W S be nonzero submodules ofM/N such that W x ®-- -®W S C e M/N 
and the sets Asr(Wi) = {ATi}, . . . , Asr(W s ) = {X s } are distinct. For each i = 1, . . . , s, 
let Ci be a complement to Wi in M/N that contains the modules Wj, j ^ i; and let 
d := n^iCi) where tt : M -> M/N, m^m + N. Then 

1. each Wi is an essential submodule of M/Ci, hence Ci is an Xi-primary submodule of 
M. 

2. N = C\ R • • • fl C s is a maximal shortest primary decomposition of N in M. 

Remarks. 1. The assumption that W\ © ■ •• © W s C e M/N can be weakened to 
W± + ■ ■ • + W s C e M/N since the later together with the assumption that the elements 
X\, . . . , X s are distinct imply the former (Lemma 13.41 (3)). 

2. For each submodule A of a uniformly finite module M such that iV ^ M, one can 
find nonzero submodules W\, . . . , W s of M/N such that W x © • • • © W n C e M/N and the 
sets Asr(Wi) = {Ax}, . . . , Asn(W n ) = {X n } are distinct. Since n := u.dim(M/A) < oo, 
take a direct sum U x © • • • © U n C e M/N of uniform submodules of M/N. If As R (M/N) = 
{Ai, . . . , A s } then, for each i — 1, . . . , s, set Wj := ©{£/,• | [Z7 3 -] = Aj}. 

Proof. Passing to the factor module M/N, one can assume that A = 0. Then Ci = Ci is 
a complement to Wj in M, and so Wj is an essential submodule of M/Cj (via M — > M/Ci, 
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m I— > m + Cj), hence Cj is an Xj-primary submodule of M since Asfl(Wj) = {Xi}. This 
proves the first statement. 

Let us show that C :— C\ H • • -H C s — 0. Suppose that C 7^ 0, we seek a contradiction. 
Then C":=Cn (Wi © • • ■ © W a ) 7^ since © ■ • • © W s is an essential submodule of M. 
Choose a nonzero element, say c, of C . Then c = w\ + ■ ■ ■ + w s with ifj G Wj. There exists 
i such that W{ 7^ 0. Then 7^ ^ = c — Wi G WiflCi — 0, a, contradiction. Therefore, 
C = 0. Then the intersection C\ n • • • H C s = is a primary decomposition of the zero 
module in M (by the first statement). Now, the proof of Theorem 14.41 is complete. The 
primary decomposition C\ D • • • D C s = is shortest (by Theorem 14.41) since -Ai, • • • , X s are 
distinct and As R (M) = {X 1 , ...,X S }. 

Suppose that the shortest primary decomposition = C% D • • • fl C s is contained in a 
shortest primary decomposition = C[ fl • • • fl C' s , that is, As^(M/Cj) = Asr(M/C-) and 
Ci C C- for alH = 1, . . . , s. If there exists i such that Cj 7^ C[ then C- n ^ 7^ 0, by the 
maximality of Cj, hence 

o = c;n-nc;Dc;n (n^iC,-) 2 C- nw^o, 

a contradiction. Therefore, = C[ fl ■ ■ ■ fl C' s is a maximal shortest primary decomposition 
of in M. □ 

So, for any submodule of uniformly finite module there exists a (maximal) shortest 
primary decomposition. 

We will see shortly that Proposition 15.11 gives all the maximal shortest primary decom- 
positions of N in M (Corollary 15.41) . 

Lemma 5.2 Let Ni, . . . , N s be nonzero submodules of a nonzero module M with N\ fl • • • IH 
N s = 0. The intersection N\ fl ■ ■ • fl N s = is irredundant iff Ui := Dj^Nj 7^ for all 
i = 1, . . . , s; in this case, Ui + ■ — h U s — U\ © - • • © U s . 

Proof. The first statement is obvious, the second follows from the fact that, for each i, 

Ui n u j cu i nN i = N 1 n---nN a = o.D 

Theorem 5.3 (Description of shortest primary decompositions ) Let M be a nonzero 
uniformly finite R-module, N be a submodule of M with N 7^ M , N — N\ fl • • • fl N s be a 
shortest primary decomposition of N in M , Asr(M /Ni) = {Xi}. Then 

1. there exist nonzero submodules Wi, . . . , W s of M/N such that W\@- ■ -®W S C e M/N 
and As R (Wi) = {Xi} for each i — 1, . . . , s, and 

2. for each % = 1, . . . , s, there exists a complement, say C i} of Wi in M/N containing 
Ej^i Wj such that J2 m Wj C N/N C Q. 

In this way, all the shortest primary decompositions of N in M are obtained. In 
more detail, 

3. given any nonzero submodules W{, . . . , W' s of M/N such that W[@---@ W' s C e M/N 
and As R (W() = {Xi} for each i = l,...,s (note that As R (M/N) = {X 1 , X s }), 
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4- for each % — 1, . . . , s, given a complement submodule C[ ofW( in M/N that contains 
the sum Yjj^i W j> 

5. for each i = 1, . . . , s, given a submodule N- of M containing X and such that 
As R (M/N>) = {X} and £^ W\ C N'JN C C[. 

Then X = X{ fl • • • PI N' s is a shortest primary decomposition of X in M. 

Proof. Passing to the factor module M/N, we can assume that X = 0. The shortest 
primary decomposition = A^H • • -r\N s is irredundant. By Lemma |5~2| Wi := Hj^Nj ^ 

for all i = 1, . . . , s, and W\ H VW S = W x ® ■ ■ ■ @W S . For each i, Wi l~l Xj = JVi fl 

• - • n X s = 0, hence C iV/iVi, and so As R (Wi) = {Xi}. We claim that the sum 
W := W\ © • ■ ■ © W s is an essential submodule of M. Suppose that this is not true, then 
one can find a uniform submodule, say U, of M with W H U — (any nonzero module 
of finite uniform dimension contains a uniform module). Since Asr(M) = {Xi, . . . ,X S } 
and AsrCWx) = {Xi}, . . . ,As R (W s ) = {X s }, there exists i such that [U] = Xi. Note that, 
for each j ^ i, Uj := Nj fl U ^ (since NjCiU = would imply [/ C M/Nj, and then 
{X} = As R (U) C As R (M/Nj) = {Xj}, this would contradict to the fact that X* 7^ X,-)- 
Each f/j (j 7^ i) is a nonzero submodule of the uniform module U, hence 

^ Dj^Uj cud (n^Nj) = unWiCunw = o, 

a contradiction. This contradiction proves that W is an essential submodule of M, and 
the first statement holds. 

Recall that Wi fl iVj = for each i. Let be a complement to Wj in M such that 
Xj C Cj. In particular, the module Ci contains the sum Yj-^Wj (C Xj). So, the second 
statement holds. 

It remains to show that all the shortest primary decompositions of X = in M are 
obtained in this way. Let the modules W{, . . . , W' s) C[, . . . , C' s , N[, . . . ,N' S be chosen as 
in statements 3-5. By Proposition I5.1j n| =1 X^ C fl i s =1 C- = 0, and so n* =l Nl = is a 
shortest primary decomposition of in M since As R (M/N[) = {Xi}, . . . , As R (M/N' s ) = 
{X s }, Ass R (M) = {Xi, . . . , XJ, and X u . . . , X s are distinct (Theorem H3D- □ 

Corollary 5.4 (Description of maximal shortest primary decompositions^) Let R, 

M and N be as in Proposition ^ .![ Then Proposition \5.1\ describes all the maximal shortest 
primary decompositions of N in M . 

Proof. This follows immediately from Proposition 15.11 and Theorem 15.31 □ 
Let R be a ring, M be a nonzero uniformly finite i?-module, X be a submodule of M 
such that X 7^ M, Asr(M/N) = {X\, . . . , X s }. The following algorithm explains how one 
can get a typical maximal shortest primary decomposition of N in M. 

1. Take any essential direct sum of uniform submodules in M/N, say Ui © • • • © U t C e 
M/N (note that t = u.dim(M/X)). 
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2. For each i = 1, . . . , s, let W< := ©{£/,■ | [t/,-] = X,}. Then W x © • • • © W s C e M/JV and 
As fl (W 1 ) = {X 1 },...,As Ji (W^) = {X.}. " 

3. For each z = 1, . . . , s, find a complement, say Cj, to Wj in M/JV that contains 
(Bj^iWj, and then take its preimage Cj := 7r _1 (Cj) under the module epimorphism 
7T : M -> Af/JV, mnm + iV. 

4. Then JV = Ci fl ■ ■ ■ fl C s is a maximal shortest primary decomposition of JV in M, 
and all the maximal shortest primary decompositions are obtained in this way. 

The next step gives a typical shortest primary decomposition of JV in M. 

5. For each % = 1, . . . , s, take a submodule JVj of M containing N and such that 
As R (M/Ni) = {Xi} and @ j+l W 3 C Ni/N C C, (eg. JV; = Ci). Then A" = iVifl- • -n^ 
is a shortest primary decomposition of A^ in M (and all shortest primary decomposi- 
tions of A^ in M are obtained in this way for all possible choices of Af = C\ D • • • nC s ) . 

6 Description of shortest uniform decompositions 

In this section, (maximal shortest) uniform decompositions are introduced. Theorem 16.41 
and Corollary 16.61 describe respectively all the shortest uniform decompositions and all 
the maximal shortest uniform decompositions of submodules of uniformly finite modules. 
It will be proved that shortest uniform decomposition is irredundant primary decompo- 
sition (Corollary 16.21) . and that each primary decomposition can be refined to a uniform 
decomposition (Lemma 16.71) . 

In this section, let R be a ring, M be a nonzero uniformly finite R-module, N be a 
submodule of M such that N ^ M, and N — NiD- • -r\N s where N\, . . . , N s are submodules 
ofM. 

Uniform decompositions. 

Definition. A decomposition N — Ni D • • • H N s is called a uniform decomposition 

of N in M if each M/N^ is a uniform i?-module. 

Obviously, each uniform decomposition is a primary decomposition but, in general, not 
vice versa. 

Lemma 6.1 If N = Ni H • • • fl N s is a uniform decomposition of N in M then s > 
u.dim(M/A). 

Proof. By the assumption, each M/N% is a uniform .R-module, so u.dim(M/Aj) = 1. 
Consider the R- module monomorphism 

Af/JV -> ® s i=1 M/Ni, m + N i-> (m + N u . . . , m + N s ). 

Then u.dim(M/JV) < u.dim(ffi? =1 Af/JVj) = £)* =1 u.dim(M/JVj) = s. □ 

Shortest uniform decompositions. A uniform decomposition JV = JVi fl • • • fl N s is 
shortest if s = u.dim(M/JV) (the least possible value for s, by Lemma [6. ip . 
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Corollary 6.2 A shortest uniform decomposition is an irredundant primary decomposi- 
tion. 

Proof. This follows directly from Lemma [6.11 □ 

The next result proves existence of shortest uniform decompositions. 

Lemma 6.3 Let M be a nonzero uniformly finite R-module, N be a submodule of M such 
that N ^ M , Ui, . . . ,U n be uniform submodules of M/N such that U\ © • • • © U n is an 
essential submodule of M/N. For each i = 1, . . . ,n, let Ci be a complement to Ui in 
M/N that contains the modules Uj, j ^ i; and let Ci := 7r _1 (Ci) where n : M — > M/N , 
m i— > m + iV . Then 

1. each Ui is an essential submodule of M/Ci, hence Ci is a [Ui]-primary submodule of 
M. 

2. n" =1 Cj = N is a shortest uniform decomposition of N in M. In particular, fl™ =1 Cj = 
N is an irredundant primary decomposition of N in M. 

Proof. 1. By the choice of Ci, U is an essential submodule of (M/N)/Ci ~ M/Cj. 

2. Without loss of generality one can assume that N — 0. Suppose that the intersection 
C := Ci H ■ ■ • n C n is nonzero, then C := C n (U x ® ■ ■ ■ © U n ) ^ since U x © • • • © U n is an 
essential submodule of M. Choose a nonzero element, say c, of C. Then c = U\ H — • + u n 
with Ui e Ui. There exists i such that m ^ 0. Then ^ Ui = c — Ui & U H Ci = 0, 
a contradiction. Therefore, C — 0, and fl" =1 Cj = is a shortest uniform decomposition of 
the zero module in M (by the first statement and since u.dim(M) = n). By Corollary 16.21 
n" =1 Cj = is an irredundant primary decomposition of in M. □ 

The next theorem describes all shortest uniform decompositions for submodules of 
nonzero uniformly finite modules. 

Theorem 6.4 (Description of shortest uniform decompositions^) Let M be a nonzero 
uniformly finite R-module, N be a submodule of M such that N ^ M , N — N\ D • • • D N n 
be a shortest uniform decomposition of N in M. Then 

1. the module M/N contains a direct sum U\ © • • • © U n of uniform submodules with 
Asn(M/Ni) = {[Ui]} for each % = 1, . . . ,n, and 

2. for each i = 1, . . . ,n, there exists a complement, say Ci, of U in M/N containing 
Ej/i u j such that Ej* u j ^Ni/NCd. 

In this way, all the shortest uniform decompositions of N in M are obtained. In more 
detail, 

3. given any direct sum [/{©•••© U' n C M/N of uniform submodules (note that n = 
u.dim(M/JV);, 

4- for each i — 1, . . . , n, given a complement submodule C[ of U[ in M/N that contains 
the sum Ej^i Uj, and 
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5. for each i = 1, . . . , n, given a submodule N[ of M containing N and such that M/N! 
is a uniform module and Ylj^i Uj Q N[/N C C[. 

Then N = N[ fl • • • H N' n is a shortest uniform decomposition of N in M . In particular, 
N = N[ fl • • • n N' n is an irreducible primary decomposition of N in M . 

Proof. Passing to the factor module M/N, we can assume that N = 0. The shortest 
uniform decomposition = N\ D • • • H -/V s is an irredundant primary decomposition (Corol- 
lary 16. 2ft . By Lemma 15.21 Ui := Hj^Nj ^ for all i — 1, . . . , n, and U\ + ■ • ■ + U n = 
U\ © • • • © U n C M. Since n = u.dim(M), each Ui must be a uniform submodule of M, 
and Ui ffi ■•■©[/„ C e M. 

For each % = 1, . . . , n, [/* n N t = N t n • • • D iV s = implies {[[/;]} C As R (M/Ni), and 
so As^(M/A r j) = since the set Asfi(M/iVj) consists of a single element. So, the first 

condition holds. 

Let Cj be a complement to t/j in M such that Ni C Cj (recall that C/j D = 0). In 
particular, the module Ci contains the sum Ylij^i^j (— ^o, the second condition 

holds. 

It remains to show that all the shortest uniform decompositions of A^ = in M can be 
obtained in this way. Let the modules U[, . . . , U' n , C[, . . . , C' n , N[, . . . , N' n be chosen as in 
statements 3-5. By Proposition 16.31 F\2 =1 N- C fl™ =1 C- = 0, and so Hf =1 Nl = is a shortest 
uniform decomposition of in M since n = u.dim(M) and all the M/Aj are uniform (by 
statement 5). □ 

Corollary 6.5 Let M be a nonzero uniformly finite R-module, N be a submodule of M 
such that N ^ M , N = N± D • • • fl N n be a shortest uniform decomposition of N in M , 
Xi := [M/Ni] G l.spec(i?). Up to order, let X±, . . . ,X S be all the distinct left primes among 
X\, . . . , X n ; and for each % = 1, . . . , s, let ni be the number of times the element Xi occurs 
in the series Xi, . . . , X n . Then Asr(M/N) = {X 1; . . . , X s } and Hi = multjy/Ar(A^j) for all 
i = l,...,s. 

Proof. We may assume that statements 1 and 2 of Theorem 16.41 hold. Since n = 
u.dim(M/A0 the submodule U t © • • • © U n of M/N must be essential, and so As R (M/N) = 
{Xi, . . . , X s } and = multM/N (Xi) for all i — 1, . . . , s. □ 

Maximal shortest uniform decompositions. A shortest uniform decomposition 
N = Ni H • ■ ■ n N n of N in M is maximal (with respect to inclusion) if given another 
shortest uniform decomposition N = N[ fl ■ ■ • fl N' n of N in M with iVj C N- for all 
i = 1, . . . , n, then N ± = N{, . . . , N n = N' n . 

Lemma 16.31 and Theorem 16.41 show that each shortest uniform decomposition N = 
Ni fl • • • n N n of N in M is contained in a maximal shortest uniform decomposition, say 
N = N[ n • • • fl N' n , which means that Ni C N[ for % — 1, . . . , n. In this case, by Theorem 
EM As R (M/N) = {[Clj^Nj]} = {[n^A^']} = As R (M/Nl) as n&Nj C n i? «JVj is the 
inclusion of uniform modules. 
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Corollary 6.6 (Description of maximal shortest uniform decompositions j Let M 

and N be as in Lemma \6.3[ Then Lemma \6.3\ describes all the maximal shortest uniform 
decompositions of N in M. 

Proof. This follows directly from Lemma [6.31 and Theorem 16.41 □ 

Recall that M be a nonzero uniformly finite -R-module, iV be a submodule of M such 

that iV ^ M. The following algorithm explains how one can get a typical maximal shortest 

uniform decomposition of N in M. 

1. Take any essential direct sum of uniform submodules in M/N, say Ui © • • • © U n C e 
M/N (note that n = u.dim(Af/JV)). 

2. For each i = l,...,n, find a complement, say C», to Ui in M/N that contains 
(Bj^iUj, and then take its preimage Cj := 7r _1 (Cj) under the module epimorphism 
it : M —>■ M/N, m^m + N. 

3. Then iV = C\ PI • • ■ H C n is a maximal shortest uniform decomposition of iV in M, 
and all the maximal shortest uniform decomposition are obtained in this way. 

The next step gives a typical shortest uniform decomposition of N in M. 

4. For each % = l,...,n, take a submodule iVj of M containing iV and such that 
@j^iUj CjVi/iVC Ci and M/N { is uniform (eg. Nt = Q) . Then N = N t n • • • n N s is 
a shortest uniform decomposition of iV in M (and all shortest uniform decompositions 
of N in M are obtained in this way for all possible choices of N = C\ D • • • D C n ). 

A primary decomposition iV = fl' =1 iVj of in M is called a refinement of a primary 
decomposition iV = H| =1 Mj of in M if the set {1, . . . , t} is a disjoint union of its non- 
empty subsets Ji, . . . , I s such that, for each j — 1, . . . , s, Mj = Hk^.N^ and As^(M/A" fc ) = 
As R (M/Mj) for alike Ij. 

Lemma 6.7 For any primary decomposition of a submodule of a uniformly finite module 
there exists a refinement which is a uniform decomposition. 

Proof. Let iV = N\ C\ ■ ■ ■ C\ N s be & primary decomposition of a submodule iV of a 
uniformly finite module M such that iV ^ M. For each % = 1, . . . , n, let Ni = n"i 1 A^j J ', 
rij = u.dim(M/A 7 j), be a shortest uniform decomposition of Ni in M. Then = HijNij is 
a refinement of the primary decomposition = nf =1 Aj, and the refinement is a uniform 
decomposition. □ 
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